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Characterizations of the (h, k, µ, ν)−Trichotomy for Linear
Time-Varying Systems
Ioan-Lucian Popa, Traian Ceaus¸u, Mihail Megan
Abstract
The present paper considers a concept of (h, k, µ, ν)−trichotomy for noninvertible linear
time-varying systems in Hilbert spaces. This work provides a characterization for linear time-
varying systems that admits a (h, k, µ, ν)−trichotomy in terms of two coupled systems having
a (h, µ, ν)−dichotomy.
1 Introduction
In the qualitative theory of difference equations the notions of dichotomy and trichotomy play
a vital role. This fact is very well analysed in [1] and [6] where it is proved that the property of
exponential trichotomy is necessary in the presence of ergodic solutions of linear differential and
difference equations with ergodic perturbations. Besides the classical concepts of uniform and
nonuniform exponential trichotomy (see [5] and reference therein for more details), in [10] J.
Lopez-Fener and M. Pinto extend the previous concept to the so called (h, k)−trichotomy using
two sequences with positive terms. Recently, a new nonuniform concept of (µ, ν)−dichotomy
is proposed in [3] with increasing sequences which go to infinity. These sequences, called
growth rates, have been used to extend the classical concepts of exponential and polynomial
dichotomy and trichotomy, both for uniform and nonuniform approaches. We enhance the
work developed in [2], [4], [13], [14], [15] and [16] and all included references for a detailed
discussion considering this approach.
One problem that lies within the main interest in the asymptotic behavior of the solution of
difference equation is the characterization of the trichotomy in terms of dichotomies. In [5] S.
Elaydi and K. Janglajew considered (invertible) difference equations on the entire axis Z and
1
they proved that if the difference equation has an (E-H) trichotomy that also has exponential
dichotomy on Z− and Z+. This result was extended by S. Matucci [11] to the concept of l
p
trichotomy. Similarly, in [5] is proved that lp trichotomy on Z implies lp dichotomy on Z+ and
on Z− and l
p dichotomy on Z implies a trivial lp trichotomy. In [7] is proved that for almost
periodic difference equations the notion of exponential trichotomy on Z implies exponential
dichotomy on Z. Tacking into consideration the previous three results, there naturally arises
the question about what happens when we consider (noninvertible) difference equations only
defined on Z+. This represents the main goal of the present paper, to provide a characteriza-
tions for linear time varying systems (i.e. difference equations) that are defined only on Z+ and
not assumed to be invertible. Thus, we consider an generalization from (h, k, µ, ν)−dichotomy
to (h, k, µ, ν)−trichotomy in discrete time from [16] and we prove that linear time-varying
(LTV) systems that admit such a trichotomy can be characterized in terms of two coupled
systems that admit a (h, µ, ν)−dichotomy in the sense of J. Lopez-Fener and M. Pinto [10],
i.e. a concept that uses only sequences with positive terms.
2 Preliminaries
In this section we introduce our notations and present some definitions and useful details. We
denoted by Z the set of real integers, Z+ is the set of all n ∈ Z, n ≥ 0, and Z− is the set of all
n ∈ Z, n ≤ 0. We also denote by ∆ the set of all pairs of real integers, (m,n) with m ≥ n ≥ 0.
The norm on the Hilbert space H and on B(H) the Banach algebra of H will be denoted by
‖ · ‖. The identity operator on H is denoted by I.
We will be considering the discrete-time linear time-varying system
xn+1 = Anxn, n ∈ Z+ (A)
where (An)n∈Z+ ⊂ B(H) is a given sequence. If for every n ∈ Z+ the sequence (An)n∈Z+ is
invertible, then the LTV system (A) is called reversible. The state transition matrix for the
LTV system (A) is defined as
Anm :=

 Am−1 · · ·An if m > nI if m = n. (1)
It is obvious that the transition matrix satisfies the propagator property, i.e. AnmA
p
n =
Apm, for all (m,n), (n, p) ∈ ∆ and every solution of the LTV system (A) satisfies xm =
Anmxn, for all (m,n) ∈ ∆.
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A sequence (Pn)n∈Z+ ⊂ B(H) is called a projections sequence if (Pn)
2 = Pn, for all n ∈ Z+.
A projections sequence (Pn)n∈Z+ with the property AnPn = Pn+1An for every n ∈ Z+ is
called invariant for the system (A). As a consequence of the invariance property we get the
following relation that AnmPn = PmA
n
m, for all (m,n) ∈ ∆.
An increasing sequence µ : Z+ → [1,∞) is a growth rate sequence if µ(0) = 1 and
lim
n→+∞
µ(n) = +∞.
Definition 1. The LTV system (A) admits a (h, k, µ, ν)−trichotomy if there exist invariant
projections (P in)n∈Z+ ⊂ B(H), i ∈ {1, 2, 3} satisfying
P 1n + P
2
n + P
3
n = I, P
i
nP
j
n = 0 (2)
for all n ∈ Z+ and i, j ∈ {1, 2, 3}, i 6= j and there exist growth rate sequences hn, kn, µn, νn
and some positive constants K > 0, a > 0, b ≥ 0 and ε ≥ 0 such that
‖AnmP
1
nx‖ ≤ K
(
hn
hm
)a
µεn‖P
1
nx‖, (3)
‖P 2nx‖ ≤ K
(
kn
km
)b
νεm‖A
n
mP
2
nx‖, (4)
‖AnmP
3
nx‖ ≤ K
(
hm
hn
)a
µεn‖P
3
nx‖, (5)
‖P 3nx‖ ≤ K
(
km
kn
)b
νεm‖A
n
mP
3
nx‖, (6)
for all (m,n) ∈ ∆, x ∈ H and the restriction of Anm|KerP in : KerP
i
n → KerP
i
m is an iso-
morphism for all (m,n) ∈ ∆ and all i ∈ {2, 3}. Moreover, the LTV system (A) admits a
(h, k, µ, ν)−dichotomy if admits a (h, k, µ, ν)-trichotomy with P 3n = 0, for all n ∈ Z+.
The notion of (h, k, µ, ν)−trichotomy is a natural generalization of the classical concepts
of uniform (nonuniform) concepts of exponential and polynomial trichotomy ([9], [17]). The
constants a and b play the role of Lyapunov exponents while ε measures the nonuniformity
of trichotomies. In [16] is pointed out that aε < 0 can simplify the previous expressions
(i.e. (3)-(6)), but in this way we can see better how the Lyapunov exponents are involved in
this characterization. One can see that not all the definitions the sequences considered are
assumed to be growth rate sequences. For example in [10], J. Lo´pez-Fenner and M. Pinto
simply consider sequences with positive terms. In the same line of reasoning, if we consider
in previous definition hn, kn, µn, νn four sequences with positive terms we can denote this
notion as FP (h, k, µ, ν)-trichotomy and for P 3n = 0 the notion of FP (h, k, µ, ν)-dichotomy.
3
Also we can mention a particular case of previous notion that will be used in this paper, i.e.
FP (h, µ, ν)−dichotomy obtained for hn = kn.
Remark 1. (See, [15]) One can see that relation (2), the orthogonality property from Defini-
tion 1 can be rewritten as follows:
a) in terms of two projection sequences, i.e. there exists (Qin)n∈Z+ ⊂ B(H), i ∈ {1, 2} such
that
Q1nQ
2
n = Q
2
nQ
1
n = 0, for all n ∈ Z+ (7)
where Q1n = P
1
n and Q
2
n = P
2
n + P
3
n .
b) in terms of four projection sequences, i.e. there exists four projection sequences (Rin)n∈Z+ ⊂
B(H), i ∈ {1, 2, 3, 4} such that
R1n +R
4
n = R
2
n +R
3
n = I, R
1
nR
2
n = R
2
nR
1
n = 0,
R3nR
4
n = R
4
nR
3
n, for all n ∈ Z+ (8)
where R1n = P
1
n , R
2
n = P
2
n , R
3
n = P
1
n + P
3
n and R
4
n = P
2
n + P
3
n .
Remark 2. a) If we consider P 1n = Q
1
n, P
2
n = Q
2
n, P
3
n = I − Q
1
n − Q
2
n, then (P
i
n), i ∈
{1, 2, 3} are orthogonal projection sequences if and only if (Qin), i ∈ {1, 2} are orthogonal
projection sequences.
b) If (P in), i ∈ {1, 2, 3} are orthogonal projection sequences then (R
i
n), i ∈ {1, 2, 3, 4} defined
by R1n = P
1
n , R
2
n = P
2
n , R
3
n = P
1
n+P
3
n and R
4
n = P
2
n+P
3
n are also orthogonal. Conversely,
we have that P 1n = R
1
n, P
2
n = R
2
n and P
3
n = R
3
nR
4
n, n ∈ Z+.
3 Main Results
We associate to the LTV system (A) the system
xn+1 = Bnxn, n ∈ Z+ (B)
with Bn =
(
hn+1
hn
)a/2 (
kn+1
kn
)b/2
An. Following (1) we have that the state transition matrix
associated to (B) satisfies
Bnm =
(
hm
hn
)a/2(
km
kn
)b/2
Anm, for all (m,n) ∈ ∆. (9)
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In addition, using the orthogonality property from Definition 1, we have that P 1n and P
2
n +P
3
n
are also projections sequences which are invariant for the LTV system (B), i.e.
BnmP
1
n = P
1
nB
n
m
and
Bnm(P
2
n + P
3
n) = (P
2
m + P
3
m)B
n
m
for all (m,n) ∈ ∆.
Theorem 1. If the LTV system (A) is (h, k, µ, ν)−trichotomic then the LTV system (B) is
FP (h˜, µ, ν)−dichotomic, where h˜n =
han
kbn
.
Proof. Take P 1n = S
1
n. By (3) we have
‖AnmS
1
nx‖ ≤ K
(
hn
hm
)a
µεn‖S
1
nx‖,
for all (m,n) ∈ ∆ and x ∈ H. Using Remark 2 a) if follows that the orthogonality property
allow us to consider the following Pythagoras equality
‖(P 2n + P
3
n)x‖
2 = ‖P 2nx‖
2 + ‖P 3nx‖
2,
for all n ∈ Z+ and x ∈ H. Thus, we obtain
‖(P 2n + P
3
n)x‖
2 ≤ K2
(
kn
km
)2b
ν2εm ‖P
2
mA
n
mx‖
2 +K2
(
km
kn
)2b
ν2εm ‖P
3
mA
n
mx‖
2
≤ K2
(
km
kn
)2b
ν2εm ‖A
n
m(P
2
n + P
3
n)x‖
2
Hence, for P 2n + P
3
n = S
2
n we have that
‖S2nx‖ ≤ K
(
km
kn
)b
νεm‖A
n
mS
2
nx‖,
for all (m,n) ∈ ∆ and all x ∈ H. We consider the sequence h˜n : Z+ → (0,∞) defined by
h˜n =
han
kbn
. Taking into account relation (9) we have that
‖BnmS
1
nx‖ ≤ K
(
h˜n
h˜m
)1/2
µεn‖S
1
nx‖
‖S2nx‖ ≤ K
(
h˜n
h˜m
)1/2
νεm‖B
n
mS
2
nx‖
for all (m,n) ∈ ∆ and x ∈ H. Further, one can easily see that Bnm|KerS2n : KerS
2
n →
KerS2m is an isomorphism for all (m,n) ∈ ∆ and so it follows that LTV system (B) is FP
(h˜, µ, ν)−dichotomic with projections P 1n and P
2
n + P
3
n . This completes the proof of the theo-
rem.
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Now we associate to (A) the LTV system
xn+1 = Cnxn, n ∈ Z+ (C)
with Cn =
(
hn
hn+1
)a/2 (
kn
kn+1
)b/2
An. Obvious, the state transition matrix C
n
m associated to the
LTV system (C) checks
Cnm =
(
hn
hm
)a/2(
kn
km
)b/2
Anm, for all (m,n) ∈ ∆. (10)
Also, one can see that P 2n and P
1
n + P
3
n are projections sequences which are invariant for the
system (C). Moreover, we have that LTV systems (B) and (C) are couplet together, i.e.
Cnm =
(
hn
hm
)a(
kn
km
)b
Bnm, for all (m,n) ∈ ∆.
Theorem 2. If the LTV system (A) is (h, k, µ, ν)−trichotomic then the LTV system (C) is
FP (h¯, µ, ν)−dichotomic, where h¯n =
1
h˜n
.
Proof. Proceeding as in the proof of Theorem 1, we consider the projection sequences T 1n =
P 1n + P
3
n and T
2
n = P
2
n . It follows from Remark 2 a) and Pythagoras equality, i.e.
‖(P 1n + P
3
n)x‖
2 = ‖P 1nx‖
2 + ‖P 3nx‖
2
that for all (m,n) ∈ ∆ and x ∈ H we have
‖AnmT
1
nx‖ ≤ K
(
hm
hn
)a
µεn‖T
1
nx‖
‖T 2nx‖ ≤ K
(
kn
km
)b
νεm‖A
n
mT
2
nx‖.
We consider the sequence h¯n : Z+ → (0,∞) defined by h¯n =
1
h˜n
. From equation (10) if follows
that
‖CnmT
1
nx‖ ≤ K
(
h¯n
h¯m
)1/2
µεn‖T
1
nx‖
and
‖T 2nx‖ ≤ K
(
h¯n
h¯m
)1/2
νεm‖C
n
mT
2
nx‖
for all (m,n) ∈ ∆ and x ∈ H. In addition, Cnm|KerT 2n : KerT
2
n → KerT
2
m is an isomorphism for
all (m,n) ∈ ∆. This allows us to show that LTV system (C) admits a FP (h¯, µ, ν)−dichotomy
with projection sequences P 2n and P
1
n + P
3
n .
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Remark 3. Using (h, k, µ, ν)−trichotomy we have that there exists the projection sequences
(Sin)n∈Z+ ⊂ B(H), (T
i
n)n∈Z+ ⊂ B(H), i ∈ {1, 2} satisfying the following properties
S1n + S
2
n = I, T
1
n + T
2
n = I; S
1
nS
2
n = S
2
nS
1
n = 0, T
1
nT
2
n = T
2
nT
1
n = 0;
S1nT
1
n = T
1
nS
1
n = S
1
n, S
2
nT
1
n = T
1
nS
2
n = S
2
n−T
2
n = T
1
n−S
1
n, T
2
nS
2
n = S
2
nT
2
n = T
2
n , T
2
nS
1
n = S
1
nT
2
n = 0.
for all n ∈ Z+. It is obvious that if we consider Q
1
n = S
1
n and Q
2
n = T
2
n then we have that Q
1
n
and Q2n are orthogonal.
Remark 4. Using (h, k, µ, ν)−trichotomy property and Theorems 1 and 2 we conclude that
system (A) is reducible to the coupled systems (B) and (C) such that
‖BnmS
1
nx‖ ≤ K
(
h˜n
h˜m
)1/2
µεn‖S
1
nx‖ (11)
‖S2nx‖ ≤ K
(
h˜n
h˜m
)1/2
νεm‖B
n
mS
2
nx‖ (12)
‖CnmT
1
nx‖ ≤ K
(
h¯n
h¯m
)1/2
µεn‖T
1
nx‖ (13)
‖T 2nx‖ ≤ K
(
h¯n
h¯m
)1/2
νεm‖C
n
mT
2
nx‖ (14)
and Bnm|KerS2
n
: KerS2n → KerS
2
m, C
n
m|KerT 2
n
: KerT 2n → KerT
2
m are isomorphisms for all
(m,n) ∈ ∆ and x ∈ H.
Theorem 3. If LTV coupled systems (B) and (C) admits FP (h˜, µ, ν)−dichotomy respectively
FP (h¯, µ, ν)−dichotomy then the LTV system (A) admits a (h, k, µ, ν)−trichotomy.
Proof. Take P 1n = S
1
n. By (11) we have that
‖AnmP
1
nx‖ =
(
han
ham
)1/2(
kbn
kbm
)1/2
‖BnmS
1
nx‖
≤
(
han
ham
)1/2(
kbn
kbm
)1/2
K
(
han
kbn
)1/2(
kbm
ham
)1/2
µεn‖S
1
nx‖
= K
(
hn
hm
)a
µεn‖P
1
nx‖
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for all (m,n) ∈ ∆ and x ∈ H. From (14), considering P 2n = T
2
n , we obtain
‖P 2nx‖ ≤ K
(
kbn
han
)1/2(
ham
kbm
)1/2
νεm‖C
n
mT
2
nx‖
= K
(
kbn
han
)1/2(
ham
kbm
)1/2
νεm
(
han
ham
)1/2(
kbn
kbm
)1/2
‖AnmP
2
nx‖
= K
(
kn
km
)b
νεm‖A
n
mP
2
nx‖
for all (m,n) ∈ ∆ and x ∈ H. Now, we consider P 3n = T
1
nS
2
n. By Remark 3, (12) and (13) we
obtain
‖AnmP
3
nx‖ = ‖A
n
mT
1
nS
2
nx‖ =
(
ham
han
)1/2(
kbm
kbn
)1/2
‖CnmT
1
nS
2
nx‖
≤
(
ham
han
)1/2 (
kbm
kbn
)1/2
K
(
kbn
han
)1/2 (
ham
kbm
)1/2
µεn‖T
1
nS
2
nx‖
= K
(
hm
hn
)a
µεn‖P
3
nx‖
and, for P 3n = S
2
nT
1
n , we have
‖P 3nx‖ = ‖S
2
nT
1
nx‖ ≤ K
(
han
kbn
)1/2(
kbm
ham
)1/2
νεm‖B
n
mS
2
nT
1
nx‖
= K
(
han
kbn
)1/2(
kbm
ham
)1/2
νεm
(
ham
han
)1/2(
kbm
kbn
)1/2
‖AnmP
3
nx‖
= K
(
km
kn
)b
νεm‖A
n
mP
3
nx‖
for all (m,n) ∈ ∆ and x ∈ H. Moreover, Anm|KerP i
n
: KerP in → KerP
i
m is an isomorphism for
all (m,n) ∈ ∆ and all i ∈ {2, 3}. This implies that LTV system (A) is (h, k, µ, ν)−trichotomic,
which concludes our proof.
Combining Theorems 1, 2 and 3 we have the following
Theorem 4. The LTV system (A) is (h, k, µ, ν)−trichotomic with projection sequences (P in),
i ∈ {1, 2, 3} if and only if
a) (B) if FP (h˜, µ, ν)-dichotomic with projection sequences (Sin), i ∈ {1, 2};
b) (C) if FP (h¯, µ, ν)-dichotomic with projection sequences (T in), i ∈ {1, 2}.
Remark 5. The theorems from this article include and generalize the case considered in [8].
For the continuous case of evolution operators we can refer to [12].
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4 Conclusion
In this paper, we have considered the problem of (h, kµ, ν)−trichotomy for (noninvertible)
linear time-varying systems in Hilbert spaces. It is proved that noninvertible LTV systems
defined on Z+ that admit a h, k, µ, ν)-trichotomy can be decomposed into two coupled systems
having (h, µ, ν)-dichotomy.
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